
Journal 
of the 

Oriental Institute 
M.S. University of Baroda  
 

Page | 56  
 

ISSN: 0030-5324 
UGC CARE Group 1 

Vol. 71, Issue. 04, No. 11 October - December : 2022 
 

OPERATIONAL CALCULUS ON WAVELET TRANSFORM AS AN EXTENSION OF 
FRACTIONAL FOURIER TRANSFORM 

 
Shubham D. Shedge 

Department of Mathematics, Rajarshi Chhatrapati Shahu College, Kolhapur, Maharashtra, India 
 

Bharat N. Bhosale  
Department of Mathematics, Prof. Sambhajirao Kadam College, Deur, Satara, Maharashtra, 

India 
 
Abstract: Integral transforms have been in wide use to solve various differential equations or   
problems in pure and applied mathematics. Wavelet Transform and Fractional Fourier transform 
has many applications in signal and image processing. 
 In this paper describe the various properties like Linearity, Translation, differentiation of 
Wavelet Transform as an extension of Fractional Fourier transform they will be useful for solving 
differential and integral equation. 
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1. Introduction:   
  Mathematics is everywhere in every technology, subject, experiment, etc. but    we 
necessary to find logic behind it[5]. Integral Transform was successfully used for almost 200 years 
for solving many problems in mathematics and physics[6]. There are many integral transforms 
have been used for solving differential equations. The fractional Fourier analysis is used for 
investigations of fractal structures; which in turn are used to analyze different physical 
phenomena[2]. The ordinary Fourier transform and related techniques are of great importance in 
many areas of science and engineering[9]. The Fourier transform is best mathematical tool used in 
differential equations, physical optics, signal and image processing and so on[1,4].  
  The concept of wavelet started to appeared in the literature only in the 19th century 
8th decade that used by Morlet(1982)[3,8]. A French geophysical engineering first introduced the 
idea of wavelet transform as the mat hematical tool for signal and image processing[5]. The 
wavelet transform decomposes a signal into the representation that shows signal details and tends 
as a function of time. The kernel of fractional Fourier transform and wavelet transform are nearly 
related and Sharma and bhosale introduce the Wavelet transform as an extension of fractional 
Fourier transform[7].  so we are going to discuss Properties of Wavelet transform as an extension 
of fractional Fourier transform.  
2. Priliminaries: 
Wavelet Transform as an extension of Fractional Fourier Transform[5]: 
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The Wavelet transform as the extension of fractional Fourier transform of 𝑓(𝑥) ∈ 𝐸(𝑅௡) is 

denoted by 𝑊൫𝑓(𝑥)൯(𝜉)  and defined by, 

𝑊൫𝑓(𝑥)൯(𝑎, 𝑏) = 𝑊൫𝑓(𝑥)൯(𝜉) = න 𝐵𝐶ଵఈ𝑓(𝑥)𝑒௜஼మഀൣ൫௫మାకమ൯௖௢௦ఈିଶ௫క൧ 𝑑𝑥
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Testing Function Space 𝑬(𝑹𝒏): 
An infinitely differentiable complex valued function f on 𝑅௡ belongs to 𝐸(𝑅௡) if for each  
compact set 𝑋 ⊂ 𝑆ఉ where 

𝑆ఉ = {𝑦 ∈ 𝑅௡: |𝑦| ≤ 𝛽, 𝛽 > 0} 

 
3. Results: 
Linearity Property of Extended Wavelet Transform:  

𝑊൫𝑎𝑓(𝑥) + 𝑏𝑔(𝑥)൯(𝜉) = 𝑎𝑊(𝑓(𝑥) + 𝑏𝑊(𝑔(𝑥)) 

Proof: We Know that, 

𝑊൫𝑓(𝑥)൯(𝜉) = න 𝐵𝐶ଵఈ𝑓(𝑥)𝑒௜஼మഀൣ൫௫మାకమ൯௖௢௦ఈିଶ௫క൧ 𝑑𝑥

ஶ

ିஶ

 

𝑊൫𝑎𝑓(𝑥) + 𝑏𝑔(𝑥)൯(𝜉) = ∫ 𝐵𝐶ଵఈ𝑒௜஼మഀൣ൫௫మାకమ൯௖௢௦ఈିଶ௫క൧ ൫𝑎𝑓(𝑥) + 𝑏𝑔(𝑥)൯𝑑𝑥
ஶ

ିஶ
  

            = 𝑎 ∫ 𝐵𝐶ଵఈ𝑒௜஼మഀൣ൫௫మାకమ൯௖௢௦ఈିଶ௫క൧𝑓(𝑥)𝑑𝑥 +
ஶ

ିஶ

𝑏 ∫ 𝐵𝐶ଵఈ𝑒௜஼మഀൣ൫௫మାకమ൯௖௢௦ఈିଶ௫క൧ 𝑔(𝑥)𝑑𝑥
ஶ

ିஶ
 

=  𝑎𝑊(𝑓(𝑥) + 𝑏𝑊(𝑔(𝑥))   
 
Extended Wavelet Transform of Translation: 

𝑊൫𝑓(𝑥 − 𝑥଴)൯(𝜉) = 𝑒௜஼మഀൣ௫బ
మ௖௢௦ఈ బక൧𝑊 ቀ𝑒(ଶ௜௖మഀ௫బ௖௢௦ఈ)௫𝑓(𝑥)ቁ (𝜉) 

Proof: 𝑊൫𝑓(𝑥 − 𝑥଴)൯(𝜉) = ∫ 𝐵𝐶ଵఈ𝑒௜஼మഀൣ൫௫మାకమ൯௖௢௦ఈିଶ௫క൧𝑓(𝑥 − 𝑥଴) 𝑑𝑥
ஶ

ିஶ
 

Put 𝑥 − 𝑥଴ = 𝑡, then 𝑥 = 𝑥଴ + 𝑡, 𝑑𝑥 = 𝑑𝑡 

𝑊൫𝑓(𝑥 − 𝑥଴)൯(𝜉) = ∫ 𝐵𝐶ଵఈ𝑒௜஼మഀൣ൫(௫బା௧)మାకమ൯௖௢௦ఈିଶ(௫బା௧)క൧𝑓(𝑡) 𝑑𝑡
ஶ

ିஶ
  

      = 𝑒௜஼మഀൣ௫బ
మ௖௢௦ఈିଶ௫బక൧ ∫ 𝐵𝐶ଵఈ𝑒௜஼మഀൣ൫௧మାకమ൯௖௢௦ఈିଶ௧క൧𝑒௜஼మഀ[௫బ௖௢௦ఈ]𝑓(𝑡) 𝑑𝑡

ஶ

ିஶ
 

      = 𝑒௜஼మഀൣ௫బ
మ௖௢௦ఈିଶ௫బక൧ ∫ 𝐵𝐶ଵఈ𝑒௜஼మഀൣ൫௫మାకమ൯௖௢௦ఈିଶ௫క൧𝑒௜஼మഀ[௫బ௖௢௦ఈ]𝑓(𝑥) 𝑑𝑥

ஶ

ିஶ
  

      =  𝑒௜஼మഀൣ௫బ
మ௖௢௦ఈିଶ௫బక൧𝑊 ቀ𝑒(ଶ௜௖మഀ௫బ௖௢௦ఈ)௫𝑓(𝑥)ቁ (𝜉) 
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Translation of Extended Wavelet Transform: 

𝑊൫𝑓(𝑥)൯(𝜉 − 𝜉଴) = 𝑒௜஼మഀൣకబ
మିଶకబక൧௖௢௦ఈ𝑊 ቀ𝑒(ଶ௜௖మഀకబ)௫𝑓(𝑥)ቁ (𝜉) 

Proof: 

𝑊൫𝑓(𝑥)൯(𝜉 − 𝜉଴) = ∫ 𝐵𝐶ଵఈ𝑒௜஼మഀൣ൫௫మା(కିకబ)మ൯௖௢௦ఈିଶ௫(కିకబ)൧𝑓(𝑥) 𝑑𝑥
ஶ

ିஶ
 

                              = 𝑒௜஼మഀൣ൫కబ
మିଶకబక൯௖௢௦ఈ൧ ∫ 𝐵𝐶ଵఈ𝑒௜஼మഀൣ൫௫మାకమ൯௖௢௦ఈିଶ௫క൧𝑒ଶ௜஼మഀకబ௫𝑓(𝑥) 𝑑𝑥

ஶ

ିஶ
 

                              = 𝑒௜஼మഀൣకబ
మିଶకబక൧௖௢௦ఈ𝑊 ቀ𝑒(ଶ௜஼మഀకబ)௫𝑓(𝑥)ቁ (𝜉) 

 
Differentiation of Extended Wavelet Transform: 

𝐷௡𝑊൫𝑓(𝑥)൯(𝜉) =
𝑑௡

𝑑𝜉௡
𝑊൫𝑓(𝑥)൯(𝜉) = 𝑊 ൮෍ 𝐶௛𝐶ఈ,௛(𝜉𝑐𝑜𝑠𝛼 − 𝑥)௡ିଶ௛ 𝑓(𝑥)

ቂ
௡
ଶ

ቃ

௛ୀ଴

൲ (𝜉) 

Where, 𝐶௛ =
௡!

(௡ିଶ௛)!௛!
(𝑖)௡ି௛(2)௡ିଶ௛ , 𝐶ఈ,௛ = (𝐶ଶఈ)௡ି௛ cos୦ 𝛼  

Proof: 
For 𝑛 = 1 

𝑑

𝑑𝜉
𝑊൫𝑓(𝑥)൯(𝜉) = න  

𝜕

𝜕𝜉
𝐵𝐶ଵఈ𝑓(𝑥)𝑒௜஼మഀൣ൫௫మାకమ൯௖௢௦ఈିଶ௫క൧ 𝑑𝑥

ஶ
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= 2𝑖𝐶ଶఈ𝜉𝑐𝑜𝑠𝛼 ∫  
డ

డక
𝐵𝐶ଵఈ𝑓(𝑥)𝑒௜஼మഀൣ൫௫మାకమ൯௖௢௦ఈିଶ௫క൧ 𝑑𝑥

ஶ

ିஶ
       

       − 2𝑖𝐶ଶఈ ∫  
డ

డక
𝐵𝐶ଵఈ𝑥𝑓(𝑥)𝑒௜஼మഀൣ൫௫మାకమ൯௖௢௦ఈିଶ௫క൧ 𝑑𝑥

ஶ

ିஶ
  

=  2𝑖𝐶ଶఈ(𝜉𝑐𝑜𝑠𝛼 − 𝑥)𝑊൫𝑓(𝑥)൯(𝜉) = 𝑊

⎝

⎛෍ 𝐶௛𝐶ఈ,௛(𝜉𝑐𝑜𝑠𝛼 − 𝑥)ଵିଶ௛ 𝑓(𝑥)

ቂ
ଵ
ଶ

ቃ

௛ୀ଴
⎠

⎞ (𝜉) 

For 𝑛 = 2 
ௗమ

ௗకమ
𝑊൫𝑓(𝑥)൯(𝜉) = 

ௗ

ௗక
ൣ2𝑖𝐶ଶఈ𝜉𝑐𝑜𝑠𝛼𝑊൫𝑓(𝑥)൯(𝜉) − 2𝑖𝐶ଶఈ𝑊൫𝑥𝑓(𝑥)൯(𝜉)൧ 

 =  2𝑖𝐶ଶఈ𝜉𝑐𝑜𝑠𝛼
ௗ

ௗక
𝑊൫𝑓(𝑥)൯(𝜉) + 2𝑖𝐶ଶఈ𝑐𝑜𝑠𝛼𝑊൫𝑓(𝑥)൯(𝜉) −2𝑖𝐶ଶఈ

ௗ

ௗక
𝑊൫𝑥𝑓(𝑥)൯(𝜉) 

= 2𝑖𝐶ଶఈ𝑐𝑜𝑠𝛼𝑊൫𝑓(𝑥)൯(𝜉) + 4𝑖ଶ𝐶ଶఈ
ଶ 𝜉ଶ cosଶ 𝛼 𝑊൫𝑓(𝑥)൯(𝜉) − 4𝑖ଶ𝐶ଶఈ

ଶ 𝜉𝑐𝑜𝑠𝛼𝑊൫𝑥𝑓(𝑥)൯(𝜉) 

   −4𝑖ଶ𝐶ଶఈ
ଶ 𝜉𝑐𝑜𝑠𝛼𝑊൫𝑥𝑓(𝑥)൯(𝜉) + 4𝑖ଶ𝐶ଶఈ

ଶ 𝑊൫𝑥ଶ𝑓(𝑥)൯(𝜉) 

= 𝑊

⎝

⎛෍ 𝐶௛𝐶ఈ,௛(𝜉𝑐𝑜𝑠𝛼 − 𝑥)ଶିଶ௛ 𝑓(𝑥)
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ଶ
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⎞ (𝜉) 

Continuing in this way we get, 
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𝐷௡𝑊൫𝑓(𝑥)൯(𝜉) =
𝑑௡

𝑑𝜉௡
𝑊൫𝑓(𝑥)൯(𝜉) = 𝑊 ൮෍ 𝐶௛𝐶ఈ,௛(𝜉𝑐𝑜𝑠𝛼 − 𝑥)௡ିଶ௛ 𝑓(𝑥)

ቂ
௡
ଶ

ቃ

௛ୀ଴

൲ (𝜉) 

Where, 𝐶௛ =
௡!

(௡ିଶ௛)!௛!
(𝑖)௡ି௛(2)௡ିଶ௛ , 𝐶ఈ,௛ = (𝐶ଶఈ)௡ି௛ cos୦ 𝛼  

[n] denotes greatest integer function 
Similarly, we show Extended Wavelet Transform of a Derivative 
 
 
Extended Wavelet Transform of a Derivative: 

𝑊൫𝑓௡(𝑥)൯(𝜉) = 𝑊 ൮(−1)௡ ෍ 𝐶௛𝐶ఈ,௛(𝑥𝑐𝑜𝑠𝛼 − 𝜉)௡ିଶ௛ 𝑓(𝑥)

ቂ
௡
ଶ

ቃ

௛ୀ଴

൲ (𝜉) 

Where, 𝐶௛ =
௡!

(௡ିଶ௛)!௛!
(𝑖)௡ି௛(2)௡ିଶ௛ , 𝐶ఈ,௛ = (𝐶ଶఈ)௡ି௛ cos୦ 𝛼  

4. Conclusion: 
This paper presents some properties of Wavelet transform as an extension of fractional Fourier 
transform and this property are useful to solve ordinary differential equations and partial 
differential equations like heat equation, schrodinger’s equation etc.   
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