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Abstract: Integral transforms have been in wide use to solve various differential equations or
problems in pure and applied mathematics. Wavelet Transform and Fractional Fourier transform
has many applications in signal and image processing.

In this paper describe the various properties like Linearity, Translation, differentiation of
Wavelet Transform as an extension of Fractional Fourier transform they will be useful for solving
differential and integral equation.
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1. Introduction:

Mathematics is everywhere in every technology, subject, experiment, etc. but we
necessary to find logic behind it[5]. Integral Transform was successfully used for almost 200 years
for solving many problems in mathematics and physics[6]. There are many integral transforms
have been used for solving differential equations. The fractional Fourier analysis is used for
investigations of fractal structures; which in turn are used to analyze different physical
phenomena[2]. The ordinary Fourier transform and related techniques are of great importance in
many areas of science and engineering[9]. The Fourier transform is best mathematical tool used in
differential equations, physical optics, signal and image processing and so on[1,4].

The concept of wavelet started to appeared in the literature only in the 19" century
8" decade that used by Morlet(1982)[3,8]. A French geophysical engineering first introduced the
idea of wavelet transform as the mat hematical tool for signal and image processing[5]. The
wavelet transform decomposes a signal into the representation that shows signal details and tends
as a function of time. The kernel of fractional Fourier transform and wavelet transform are nearly
related and Sharma and bhosale introduce the Wavelet transform as an extension of fractional
Fourier transform[7]. so we are going to discuss Properties of Wavelet transform as an extension
of fractional Fourier transform.

2. Priliminaries:
Wavelet Transform as an extension of Fractional Fourier Transform|[5]:

Vol. 71, Issue. 04, No. 11 October - December : 2022 Page | 56



The Wavelet transform as the extension of fractional Fourier transform of f(x) € E(R™) is
denoted by W(f(x))(§) and defined by,

W(f(0))(@ab) =W(fx)E) = ] BC, f (x)eiCal(x*+E?)cosa—2x¢] gy
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Where, b = seca, a = tanza, B =

1 .
Ciq = (2misina) 2z exp (%) ,0<a< g

Testing Function Space E(R™):
An infinitely differentiable complex valued function fon R™ belongs to E(R™) if for each
compact set X < Sp where

Sg={y €ER™|y| < pB,B >0}

3. Results:
Linearity Property of Extended Wavelet Transform:

W (af () + bg(0))(€) = aW (f(x) + bW (g (x))
Proof: We Know that,

[oe)

W(f(x))(f) = J- BClaf(x)eiCZa[(x2+fz)cosa—2xf] dox

W(af (o) +bg(0))(€) = [, BCyge el +8)eose2] (af (x) + bg () )dx
— af_°°ooBClaeiCM[(xZ+fz)cosa—2x§]f(x)dx +

bf_ooooBClaeiCZa[(x2+Ez)cosa—2xf] g(x)dx

— AW (f(x) + bW (g(x))

Extended Wavelet Transform of Translation:
W(f(x _ xo))(‘f) — eiCZa[xgcosa OE]W (e(zicmxocosa)xf(x)) €2
Proof: W (f (x — x¢)) (&) = ffooo BC,  eiCal(x?+§*)cosa=2x8] £ _ 5 1y dx
Putx —xy =t, thenx = xy + t,dx = dt
W(f(x _ xo))(f) — f_°° cheicw[((xo+t)2+52)cosa—2(x0+t)f]f(t) dt
— piCzalxgcosa—2x0¢] f_ooooBclaeiCm[(t2+§Z)cosa—2tE]eiCM[xocosa]f(t) dt

— eicm[x(z,cosa—Zon] f°° BclaeiCm[(x2+fz)cosa—2xE]eicw[xocosa]f(x) dx

— giCoalxGcosa-2xo¢]yy (e(ZiCZaxOCOS“)xf(x)) &
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Translation of Extended Wavelet Transform:

W(f(0))(§ — &) = eiCualii-2iotleosayy (@iczatol £ (x) ) (¢)
Proof:
W(f ())& — &) = [, BCypeiCeal 6+ (=80 cosa—22E=50)] £ () dx
— piC2a[(£5-280¢)cosal f_°°ooBcweicza[(x2+§2)cosa—2x§]eztczafoxf(x) dx

— eiCZa[fg—Zfof]COSUlW (e(ZiCZafo)xf(x)) (f)
Differentiation of Extended Wavelet Transform:

2]
D™W (f ())(§) = - 6" W(f ())(©) = (Z ChCon(§cosa — x)" 72" f(x)> é)

n!
(n—2n)'n!

Where, C;, =

Proof:
Forn=1

O" (@), Cop = (C2a)" " cos" a

V(@) - f 7B (el )asacant g

= 2iCyqécosa | . BClaf(x)e‘CZa[(x +§2)cosa—2x¢] g,
— ZLCZaf o achlaxf(x)elCZ“[(x +&2)cosa—2xE] dx
[2] \
= 2iCyq(§cosa — x)W(f(x))(f) =W \Z CpCqpn(écosa — x)l‘th(x)/ €3]
h=0

For n=2
W)@ = 2 [2iConcosaW (f(0)(§) = 2iCoaW (xf () ()]
= zLCZafcosad—gw(f(x))(f) + 2iCoqc0saW (£ () (§) ~2iCzq 3 W (xf () §)

= 2iCyqcosaW (f(x))(E) + 4i2C2,E% cos? a W(f (x))(E) — 4i?CEEcosaW (xf (x)) (&)
—4i2CZEcosaW (xf (x)) (&) + 4i2CEW (x*f (x))(§)

/[5] \
=W \Z CpCop(Ecosa — x)Z_th(x)/ )
h=0

Continuing in this way we get,
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2]

D"W(f())@) = dan(f(x))(s‘) =W| > CaCan(Ecosa—x)" 2 f() |(©)
h=0

Where, C;, =

o O G = (C)" " cos™

[n] denotes greatest integer function
Similarly, we show Extended Wavelet Transform of a Derivative

Extended Wavelet Transform of a Derivative:

2]

W(Fm0)© = w (—1)"2 ChCan(xcosa = 2 £(x) | (§)
h=0

Where, C), =

(n— 2h)'hl " h(z)n 2 Con = = (Coe)™ " cosh a

4. Conclusion:

This paper presents some properties of Wavelet transform as an extension of fractional Fourier
transform and this property are useful to solve ordinary differential equations and partial
differential equations like heat equation, schrodinger’s equation etc.
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